Following V.I. Arnolds techniques, we construct a local canonical form called miniversal deformation, for a family of differentiable regularizable linear dynamical systems Eẋ(t) = Ax(t) + Bu(t) under feedback and derivative feedback equivalence. We show some applications to the analysis of perturbations of a given regularizable system.
Introduction
We consider generalized time-invariant linear systems given by the matrix equations Eẋ(t) = Ax(t) + Bu(t), where E, A ∈ M n (C), B ∈ M n×m (C), which we will represent by triples of matrices (E, A, B). These equations arise in theoretical areas as differential equations on manifolds as well as in applied areas as systems theory and controls, e.g. they are used in modelling of mechanical multibody systems [1] and electrical circuits [2] .
Structurally stable elements are those whose behavior does not change when applying small perturbations. The concept of structural stability in the qualitative theory of dynamical systems has been widely studied by several authors in control theory (see [3, 4] , for example).
In the case where the system is not structurally stable, we are interested in the knowledge of the different kind of triples that we can find in a small neighborhood of the given system. It is well known that any algorithm for computation of reduced forms computes the exact structure of a nearby element. In order to make the best decision during the computation of the reduced form, it is important to know how the classes of triples of the different structures are related to each other.
The Arnold technique of constructing a local canonical form, called versal deformation, of a differentiable family of square matrices under conjugation [5] provides a special parametrization of matrix spaces, which can be effectively applied to perturbation analysis and investigation of complicated objects like singularities and bifurcations in multiparameter dynamical systems [5] [6] [7] [8] . This technique has been generalized by several authors to matrix pencils under strict equivalence [6, 7] , pairs or triples of matrices under the action of the general linear group [9] , pairs of matrices under feedback similarity [7] , 2-dimensional generalized linear dynamical systems under feedback and derivative feedback equivalence [10] , among others. In this paper we generalize the study to n-dimensional multi-input linear dynamical systems: we obtain an explicit versal deformation and we apply it to analyze perturbations of triples of matrices representing regularizable generalized systems.
Equivalence relation
Let M be the set of matrices M = {(E, A, B) | E, A ∈ M n (C), B ∈ M n×m (C)} representing generalized time-invariant linear systems.
In order to consider triples in a simpler form preserving qualitative properties as controllability among others, we define the following equivalence relation.
Definition 2.1. Two triples (E , A , B ) and (E, A, B) in M are called equivalent if, and only if, there exist matrices P, Q ∈ Gl(n; C), R ∈ Gl(m; C), U, V ∈ M m×n (C) such that (E , A , B ) = (Q E P + Q BU, Q A P + Q BV, Q B R), or in a matrix form:
It is easy to check that this relation is an equivalence relation. Systems (E, A, B) ∈ M, for which there exist matrices U such that E + BU is invertible, are called standardizable. Notice that in this case there exist matrices P, Q, U such that Q E P + Q BU = I n , and the equivalent system is standard.
It is well known that the behavior of the system depends upon the properties of the pencil λE + µA; in the case where the associate pencil is regular the system has a unique solution for any consistent initial condition, and in this case the system is called regular. So we are interested in systems with regular associate pencils, or those "regularizable" by feedback or derivative feedback, that is to say, systems for which there exists a feedback V and/or a derivative feedback U such that the pencil α(E + BU ) + β(A + BV ) is regular. We will call this type of systems regularizable systems.
Obviously, standardizable and regularizable characters are invariant under the equivalence relation considered. The equivalence relation preserves also the controllability. Remember that a system is controllable if and only if it is standardizable and rank λE − A B = n, ∀λ ∈ C.
Loiseau,Ölçadiram and Malabre in [11] consider the restricted pencil sπ E − π A where π is the projection of state space over Im B, and they prove that two triples are equivalent if and only if their associated restricted pencils are strictly equivalent; consequently a singular system (E, A, B), can be reduced to
where (E 1 , A 1 ) is the Kronecker canonical reduced form of the pencil sπ E + π A. García-Planas and Magret in [12] obtain the same result using polynomial matrices. In fact, a regularizable system can be reduced as follows.
Proposition 2.1. Let (E, A, B) be a n-dimensional m-input regularizable system. Then, it can be reduced to The following invariants permit us to describe all possible canonical reduced forms for all triples in the open and dense set of multi-input, n-dimensional regularizable systems.
Proposition 2.2 ([13]
). Let (E, A, B) ∈ M be a generalized linear system. Then the following ranks are invariant for the equivalence relation considered 1. r c = (r 0 c , r 1 c , . . . , r c , . . . , ), where
2. For all λ ∈ C such that rank λE − A B < rank z E − A B , r λ = (r 1 λ , . . . , r λ , . . .), where
Remark 2.1. The values λ i ∈ C for which rank λ i E − A B < rank λE − A B , are invariant under the equivalence relation considered and they will be called continuous invariants or eigenvalues of the triple.
The r c -numbers defined in Proposition 2.2, permit us to obtain the controllability indices in the following manner. Calling r 0 c = rank B, we define the ρ c -numbers as: ρ − r c − n. Therefore, the controllability indices k 1 , . . . , k p for regularizable linear systems are the integers
Recall that if the system is controllable, then
The r λ for each eigenvalue λ, joint with r ∞ -numbers defined in Proposition 2.2, permit us to define the Segre characteristic of the matrix J in A 1 as well the Segre characteristic of the matrix N 1 , in the following manner. We define the ρ λ and ρ ∞ -numbers as follows:
Finally, for each eigenvalue λ i the Segre characteristic of this eigenvalue is the conjugate partition of a [ρ 1 λ , ρ 2 λ , . . .], and the Segre characteristic of infinite zeros is the conjugate partition of
Corollary 2.1. Let (E, A, B) be an n-dimensional m-input standardizable system. Then, it can be reduced to
is in its Kronecker canonical form and the Kronecker indices, eigenvalues and Segre characteristic of (A 1 , B 1 ) are the controllability indices, eigenvalues and Segre characteristic of (E, A, B).
Finally as an example, we present canonical forms for two-dimensional one-input generalized systems.
Proposition 2.3. Let (E, A, B) be a 2-dimensional 1-input generalized system. Then it can be reduced to one of the following forms:
1. Proof. For regularizable systems we apply Proposition 2.2. For non-regularizable systems, we distinguish the case B = 0 and in this case there is only the form 9. Finally if B = 0, classifying triples is equivalent to classifying singular pencils α E + β A (see [14] for more details).
Equivalence relation as a Lie group action
Let us consider the following Lie group G = Gl(n; C) × Gl(n;
With e = (I n , I n , I m , 0, 0) being its unit element. The action of the Lie group G on M
gives rise to the equivalence relations in M which were called in Section 1 feedback-equivalence.
From now on, we will make use of the following notation: g = (P, Q, R, U, V ) ∈ G, and
we define the maps
The equivalence class of the triple x 0 with respect to the G-action, called the G-orbit of x 0 , is the range of the function α x 0 and is denoted by
The stabilizer of x 0 under the G-action is the null-space of the function α x 0 − x 0 . We denote it by
Remark 3.1. The maps α x 0 are clearly differentiable and O(x 0 ), Stab(x 0 ) are smooth submanifolds of M and G, respectively.
Description of tangent space to orbits
Let us denote by T e G the tangent space to the manifold G at the unit element e. It is known that
Proposition 3.1. Let dα x 0 : T e G −→ M be the differential of α x 0 at the unit element e. Then the
Hermitian products in M and T e G we will deal with in this paper are the following ones:
where A * denotes the conjugate transpose of the matrix A.
The adjoint linear mappings dα * x 0
: M −→ T e G are defined by the relation 
(see [8] , for a proof). Given x 0 ∈ M, the relationship among the tangent spaces T x 0 O(x 0 ) is presented below. From Proposition 3.2 a description of T x 0 O(x 0 ) ⊥ for x 0 ∈ M can be easily deduced.
Proposition 3.3. Let x 0 = (E, A, B) ∈ M be a triple of matrices. Then
Miniversal deformations
In this Section will use the description of the orthogonal complementary subspaces to the tangent spaces to the orbits obtained in Proposition 3.3 to explicitly obtain miniversal deformations.
First, we recall the definition of versal deformations. Let M be a smooth manifold. The deformation ϕ(λ) is also called a differentiable family of elements of M. Let G be a Lie group acting smoothly on M. We denote the action of g ∈ G on x ∈ M by g • x.
Definition 4.2. The deformation ϕ(λ) of x 0 is called versal if any deformation ϕ (ξ ) of x 0 , where ξ = (ξ 1 , . . . , ξ k ) ∈ U 0 ⊂ C k is the parameter vector, and can be represented in some neighborhood of the origin as
where φ : U 0 −→ C and g : U 0 −→ G are differentiable mappings such that φ(0) = 0 and g(0) is the identity element of G. Expression (9) means that any deformation ϕ (ξ ) of x 0 can be obtained from the versal deformation ϕ(λ) of x 0 by an appropriate smooth change of parameters λ = φ(ξ ) and an equivalence transformation g(ξ ) smoothly depending on the parameters.
A versal deformation having the minimal number of parameters is called miniversal.
The following result was proved by Arnold [5] in the case where Gl(n; C) acts on M n (C), and was generalized by Tannenbaum [9] in the case where a Lie group acts on a complex manifold. It provides the relationship between a versal deformation of x 0 and the local structure of the orbit. 
Corollary 4.1. The deformation
is a miniversal deformation.
The Lie group G acts smoothly on M. Thus we can apply the result above in order to deduce explicit miniversal deformations in the case of the action considered in M.
Proposition 4.1. Let x 0 = (E, A, B) be a triple of matrices. Let {u 1 , . . . , u r }, be a basis of the vector subspace
Then the map defined by
is a miniversal deformation with respect to the G-action.
Now, we are going to explicitly study miniversal deformations for the triples in Propositions 2.1 and 2.3. Firstly, we study deformations for standardizable systems. 
Proof. Following 3.2,we have (X, Y, Z ) ∈ T (E,A,B) O((E, A, B)) ⊥ if and only if
Taking into account that E = I n we have
Now, we observe that if X * = −AY * − B Z * , Y * B = 0, Z * B = 0, then X * B = 0; so the system is equivalent to
The last three equations describe the miniversal orthogonal deformation of the pair (A, B) (see [7] ), and first equation says that all parameters of the matrix X depend on the parameters of Y and Z . So, if we want a minimal miniversal deformation we can take X = 0. Now, we are going to explicitly study the miniversal orthogonal deformation for regularizable triples. Taking into account the homogeneity of the orbits, we can consider the triples in their canonical reduced form. So, partitioning the matrices X * =
, Z * = Z 1 Z 2 following the blocks on the matrices E, A, B in their canonical reduced form, we obtain the following theorem. Theorem 4.3. Let (E, A, B) be a regularizable triple in its canonical reduced form as given in Proposition 2.1. Then (X, Y, Z ) ∈ T (E,A,B) O((E, A, B) ) ⊥ if and only if matrices X i , Y i , Z i in X * , Y * and Z * are the solutions of the following independent systems:
(ii)
In order to explicitly get a miniversal deformation, we solve these systems. According Theorem 4.2, this system corresponds to the miniversal orthogonal deformation to the standard system (I, A 2 , B 1 ) (see [7] for a solution).
System (ii) corresponds to the miniversal orthogonal deformation to the square matrix N 1 (see [1] for a solution). System (iii) has a zero-solution. In order to solve system (iv), we partition it into independent subsystems corresponding to the blocks in the matrix
with solutions
depending on the size of the nilpotent submatrices in N 1 and N 2 , and Z 2 = −x 1 . . . −x . And X 2 2 = 0.
where the block-decomposition corresponds to that of (A 1 , B 1 ), and (i) all the entries in Y 1 3 are zero except y i p+1 , . . . , y in , i = 1,
all the entries in Z 1 4 are arbitrary. N 1 + X 4 is a miniversal deformation of the square matrix N 1 given by Arnold (see [5] )-Finally, matrix X 3 = X 3 1 0 (the number of columns of X 3 1 is the size of N 2 and the number of columns of 0 is the size of J ), is a block-matrix X 3 1 = (X i j ) (the number of columns of X i j is the size of N 2 j , and the number of rows of X i j is the size i of N 1 i ), with
if the number of rows is greater than or equal to the number of columns, otherwise
Proof. It suffices to take the miniversal orthogonal deformation and we place 1 in a independent parameter and zero in the other places, obtaining in such a way a basis of a complementary space to the tangent space.
Finally, and as an example we explicitly give the miniversal deformation of all canonical reduced forms obtained for two dimensional one input generalized systems. Proposition 4.2. Let (E, A, B) be a two dimensional one input generalized system as in 2.3. Then a miniversal deformation is (E, A, B) and the triple is stable, and 2. the family φ(y 2 , y 4 ) of the triples:
Any miniversal deformation is
14. is the family φ(x 2 , y 1 , y 2 , z 1 , z 2 ) of triples:
Proof. It suffices to solve the system in Proposition 3.3, for our particular triples, thus obtaining a miniversal orthogonal deformation. Now we can obtain a minimal miniversal deformation by selecting a basis of a complementary space to the tangent space as in Corollary 4.2. and zero for the other all parameters, obtaining the following minimal miniversal deformation:
Analogously for the other orbits.
Local perturbations
The knowledge of the versal deformation of a triple (E, A, B) gives us a method for investigating the possible canonical reduced form of a perturbation of (E, A, B) .
A local perturbation of a triple of matrices (E, A, B), is a family of triples of matrices depending differentiably on parameters defined in a neighborhood of (E, A, B), and it is induced by a versal deformation. Taking into account that the miniversal deformation of a triple is transversal to its orbit, the miniversal families are generic in the sense that in the space of differentiable families of triples of matrices, the transverse families, constitutes a dense set. So we are going to analyze generic families with few parameters.
Given a triple of matrices, the homogeneity of the orbit permits us to consider it in its canonical reduced form. We now consider the case of 2-dimensional 1-input generalized systems. We will denote by O(i) the set of equivalent triples to the triple in its canonical form i given in Proposition 2.3.
If the triple (E, A, B)
is in the orbit O(1), the miniversal deformation is (E, A, B); then any triple in a neighborhood is equivalent to it. So the triple is structurally stable. 2. There are no triples with one parameter miniversal deformations. 3. Let (E, A, B) be in O(2), in a neighborhood of this triple, a generic family is the two-parametric family:
Computing the controllability indices, eigenvalues and Segre characteristics for all different values of parameters, we have that this family contains the following type of triples:
if y 2 = 0 the triple is in O(1), if y 2 = 0 the triple is in O(2).
4. Let (E, A, B) be in O(3), in a neighborhood of this triple, a generic family is the two-parametric family:
Computing the invariants, we have that this family contains the following type of triples:
5. There are no triples with three parameter miniversal Deformations.
In the case of 3-dimensional 1-input generalized systems, we present the following example.
Let (E, A, B) be a triple with E = computing the invariants given in Proposition 2.2, we obtain that the continuous invariants are λ and the discrete ones are k 1 = 1, ν 1 = 2,
A generic family in a neighborhood of the triple is the equivalent family of the following n(n − 2)-parametric family: (E 1 , A 1 , B 1 = 0. This is the Whitney umbrella surface along the t axis. In this case we can find the following triples:
(a) x = y = z = 0 for all t, the triple is equivalent to (E , A , B ), with
(b) x = y = 0, z = 0 for all t, the triple is equivalent to (E , A , B ), with
(c) x 2 z − y 2 = 0, x = 0 or y = 0 for all t, the triple is equivalent to (E , A , B ), with E = I n A = 
In the case of n-dimensional m-input generalized systems, as An example we present the following three-parametric family.
Let (E, A, B) be a triple in its canonical reduced form: E = I n A = (b) if y 1i y 2 j − y 2i y 1 j = 0 for all 1 ≤ i, j ≤ n − 2, i = j, y 2n−1 y 2 1i + y 1i y 2i y 2n − y 2 2i = 0 for some 1 ≤ i ≤ n − 2, the triple is equivalent to (E , A , B ) with E = I n , A = 
Conclusion
Knowing canonical reduced forms for triples of matrices representing regularizable generalized linear systems under feedback and derivative feedback, we construct explicitly a miniversal deformation. We use this miniversal deformation to analyze the possible triples that we can find in a neighborhood of a given triple.
